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We calculate the interior volume for the three-dimensional Banados-Teitelboim-Zanelli black hole
in this paper. To that end, we obtain the volume functional and numerically find a path to extremize
it, before choosing a spacelike hypersurface to get an asymptotic analytical expression for the interior
volume based on the characteristics of the path.
I. INTRODUCTION
There are two problems talking about the interior vol-
ume of a black hole: one is that time and space are in-
terchanged inside the horizon, such that a black hole has
non-static interior; the other is how to choose spacetime
slices, as the volume in general relativity depends on how
spacetime is sliced. Slicing-invariant volume of a station-
ary black hole was defined in Ref. [1]. In spacetime with
a cosmological constant, the thermodynamic volume of a
black hole was interpreted as a “naive” geometric volume
conjugated to the cosmological constant in Refs. [2–5].
A volume in terms of Kodama vector for a dynamical
black hole was proposed in Ref. [6]. Considering a re-
gion inside the black hole bounded by the event horizon
and two distinct ingoing null cones, a definition of the
volume rate for a stationary non-degenerated black hole
was raised [7]. The concept of “vector volume” was in-
troduced by examining the rate of growth of an invariant
volume for some spacetime regions along a divergence-
free vector field [8].
Recently, enlightened by the daily understanding of
the volume bounded by a two-dimensional sphere im-
mersed in the flat Minkoswki spacetime, the conception
of CR volume was raised [9]. The horizon of a spherically
symmetric black hole is foliated by spacelike spheres Sv
labelled by the asymptotic time v while the sphere Sv
is defined as the one crossed by a light signal sent by
a remote stationary observer at position r with proper
time t = v − r. The maximal volume of the spheri-
cally symmetric surface Σ bounded by Sv is the so-called
CR volume. It was shown that the interior volumes
grow with time for the Schwarzschild black hole [9, 10],
Reissner-Nordstro¨m (RN) black hole [9, 11], Kerr black
hole [12, 13]. These results as well as the analysis of en-
tropy of massless scalar particles inside the black holes
[14, 15] may provide us with implications on discussions
of the information paradox, since a larger and larger vol-
ume can accommodate huger and huger information [16].
It is meaningful to generalize the calculation of CR vol-
ume from the asymptotic flat black hole to the anti-de
Sitter (AdS) black hole, though there has been an exist-
ing investigation mainly focusing on the relation between
the CR volume and the horizon area for the RN-AdS
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black hole [17]. Due to the anti-de Sitter-conformal field
theory (AdS-CFT) correspondence, the information loss
paradox has obtained new explanation [18]; in this re-
gard, the volume of the AdS black hole may provide some
meaningful results. Besides, the investigation of the AdS
black hole may give implications to the research of the
Complexity-Volume (CV) duality [19]. In consideration
of these motivations, we will calculate the interior vol-
ume of the Banados-Teitelboim-Zanelli (BTZ) black hole
in this paper, which is three-dimensional and asymptot-
ically AdS. In Sec. II, we will give a brief review for the
BTZ black hole, and then calculate its interior volume
numerically and analytically. In Sec. III, we will discuss
the implications of our result. Sec. IV will be devoted to
our conclusion.
II. THE INTERIOR VOLUME OF THE BTZ
BLACK HOLE
A. A brief review for the BTZ black hole
The action is
I =
1
2pi
∫
d3x
√−g(R+ 2l−2), (1)
where l is the AdS radius relating to the cosmological
constant Λ as −Λ = l−2. The factor (16piG)−1 in front
of the action is taken to be (2pi)−1 as the gravitational
constant G is set to be 1/8. The BTZ black hole solution
is (we set l = ~ = c = 1) [20]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dφ2, (2)
where
f(r) = −m+ r2, (3)
and m is the mass of the black hole. The horizon r+
can be obtained from the constraint that the time-time
component f(r) = 0 and reads
r+ =
√
m. (4)
The Bekenstein-Hawking entropy S, Hawking tempera-
ture T are
S =
2pir+
4~G
= 4pir+, (5)
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2T =
r+
2pi
. (6)
The vacuum state
ds2vac = −
r2
l2
dt2 +
l2
r2
dr2 + r2dφ2 (7)
is equivalent to letting m → 0. As m grows negative,
the spacetime becomes unphysical, while the singularity
and the horizon disappear. However, when m = −1, it
appears as an AdS space with the line element
ds2 = −
(
1 +
r2
l2
)
dt2 +
(
1 +
l2
r2
)
dr2 + r2dφ2. (8)
B. The formulation of the interior volume
The geometry of BTZ black holes can be described in
Eddington-Finkelstein coordinate as
ds2 = −f(r)dv2 + 2dvdr + r2dφ2, (9)
where
v = t+
∫
dr
f(r)
= t+
1
2
√
m
log
∣∣∣m−√mr
m+
√
mr
∣∣∣. (10)
The metric has a Killing vector ξv corresponding to the
translation in v. It can describe the collapse matter as the
coordinates are analytically continued for all r > 0. The
coordinate v tends to positive infinity when r decreases
to 0. The coordinate r is the affine parameter of ingoing
null geodesics which has constant advanced time v.
Now we are confronted with the concept of the sphere
Sv, which is defined as the one crossed by a light-like
signal originated from the distance r at time t. What we
will study is the maximal volume of the two-dimensional
surface Σ bounded by Sv.
The two-dimensional symmetric surface Σ is in fact a
direct product of a one-sphere S and a curve γ in the
v − r plane, as
Σ ≡ γ × S, γ 7→ [v(λ), r(λ)], (11)
where λ is a parameter. The initial and final endpoints
λi and λf can be set as
γi = [v(λ), r(λ)]|λ=0 = (vi, r+), (12)
γf = [v(λ), r(λ)]|λ=λf = (v, 0) (13)
respectively.
Then the induced metric on the surface Σ can be ex-
pressed as
ds2Σ = (−f(r)v˙2 + 2v˙r˙)dλ2 + r2dφ2, (14)
where v˙ ≡ dv/dλ, r˙ ≡ dr/dλ. As a result, the proper
volume of Σ can be expressed as
VΣ =
∫ 2pi
0
dφ
∫ λf
0
√
r2[−f(r)v˙2 + 2v˙r˙]dλ. (15)
C. A numerical result for the interior volume
From Eq. (15), we can see that the maximal volume
of Σ corresponds to a proper curve γ that extremizes the
integral. According to the Langrangian mechanics, we
then make effects to find the equations of motion for the
Langrangian
L(r, r˙, v, v˙) =
√
r2[−f(r)v˙2 + 2v˙r˙]. (16)
According to
∂L
∂v
− d
dλ
∂L
∂v˙
= 0, (17)
we can obtain
−r2[f(r)v˙ − r˙] = c, (18)
where c is a constant. With the extremization, we can
set L(r, r˙, v, v˙) = 1. As a result, we have
r2[−f(r)v˙2 + 2v˙r˙] = 1. (19)
Using Eqs. (18) and (19), we have
r˙ = −
√
c2 + r2f(r)
r2
, (20)
v˙ =
1
c+ r2r˙
. (21)
The following calculation needs us to determine the
maximal-volume surface Σm by solving Eqs. (20) and
(21). After integrating Eq. (20) and considering the
Eqs. (12) and (13), we can obtain
λf = −
∫ r
r+
r2dr√
c2 + r2f(r)
. (22)
We know from Eqs. (12) and (13) that r is dependent
of λ, which means c2 6= −r2f(r) in Eq. (20) and c2 >
−r2f(r) > m2/4 ≡ c20.
We can obtain
v − vi =
∫ r
r+
dr
r˙(c+ r2r˙)
(23)
from Eq. (21) as v˙ = r˙dv/dr. Setting vi = 0 at the
collapse time and using Eq. (20), we get
v =
∫ r
r+
r2dr√
c2 + r2f(r)
(
−c+√c2 + r2f(r)) . (24)
Combining Eqs. (15) and (19), we can know that
VΣ = 2piλf . (25)
In order to find a proper path γp letting VΣ approach its
maximal value VΣm , we can calculate r and v numerically
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FIG. 1. (A), (B): The parameter λf as a function of the coordinate r and v for c
2 = c20 + α, m = 1. (C): The parameter λ as
a function of the coordinate v for c2 = c20 + α, m = 1.
using Eqs. (22) and (24), and then obtain the λf − r,
λf − v, and r − v diagrams in Fig. 1.
From Fig. 1(A), we can see that: (1) The total λf
increases when c2 becomes closer and closer to c20. (2)
The major value of λf builds up near r = rc =
√
m/2.
However, λf increases slowly at the beginning (r ∼ r+)
and the end (r ∼ 0). From Figs. 1(B) and 1(C), we can
see that the major value of λ builds up at v  m.
D. An asymptotic analytical expression for the
interior volume
We now want to get an asymptotic analytic expression
for the volume based on the numerical result in Fig. 1.
As shown in the figure, the main contribution to the vol-
ume originates from r ∼ rc, we therefore can choose a
hypersurface r = r0 (r0 is a constant and its value can
be obtained once we extremize the volume) in Eqs. (20)
and (21). As a result, we can obtain
c2 = −r2f(r), (26)
v˙ =
1
c
. (27)
Then we can get (vi = 0 as we have set in above)
λf = cv (28)
from Eq. (27). Combining it with Eqs. (25) and (26),
we can finally obtain the proper volume of Σ as
VΣ = 2picλf = 2pi
√
−r2f(r)v 6 pi
2
mv = VΣm . (29)
The equality relation is established on the condition that
r = rc =
√
m/2.
In fact, once the spacelike hypersurface r = r0 is cho-
sen, we can define a restricted function Φ = r − r0, then
the normal covector is
na =
Φ,a√
Φ,µΦ,νgµν
, (30)
the corresponding normal vector is
na = gabnb. (31)
Then we can obtain the induced metric on the hypersur-
face as
hab = gab + nanb, (32)
with its determinant
h = −gN−2, (33)
where
N =
1√
Φ,µΦ,νgµν
. (34)
The proper volume of the hypersurface described by the
induced metric is
VΣ =
∫ √
hdvdφ =
∫ √
grrgdvdφ =
∫ √
r2 |f |dvdφ
= 2piv
√
r2 |M − r2| 6 pi
2
mv.
(35)
In short, neglecting the contribution of the transient re-
gion near r = r+ and r = 0, we can analytically obtain
the asymptotically maximal interior volume for the BTZ
black hole as
VΣm(r ∼
√
m
2
, v  m) ∼ 1.57mv. (36)
III. DISCUSSIONS
We have studied the interior volume for a spherically
symmetric BTZ black hole. We first obtained the vol-
ume funtional and then tried to extremize it using nu-
merical and analytical calculation. It should be noted
that the calculation of the asymptotic volume is based
on some analysis on the numerical result. Specifically,
we obtained the volume of the BTZ black hole in terms
of the parameter λ, together with relations r − λ, v − λ,
and r − v. By the characteristics of the numerical data
4shown in the diagrams, we can know that the major con-
tribution to the volume of the BTZ black hole originates
from a specific constant r hypersurface, which is related
to a large advanced time v.
It may be interesting to calculate the volume of a rotat-
ing black hole along this way. For a rotating Kerr black
hole (see Ref. [21]), one may choose an undetermined
hypersurface r = r(v, θ) at first, and then insert
dr = rvdv + rθdθ, (37)
where
rv ≡ ∂r
∂v
, rθ ≡ ∂r
∂θ
, (38)
into the Kerr metric. As a result, we can obtain the in-
duced metric on the hypersurface r = r(v, θ). Then the
volume functional together with the equations of motion
can be got. One can solve the equations of motion nu-
merically and then choose a proper hypersurface which
contributes most to the volume. With the chosen hyper-
surface, one can then analytically calculate the asymp-
totic expression for the interior volume of the Kerr black
hole. However, more numerical technologies should be
used to solve the equations of motion and we do not plan
to conduct it here.
In terms of physical significance, firstly, we extend the
concept of interior volume to lower spacetime dimensions,
comparing to those in higher dimensions [10, 17].
Secondly, our result may give new insights on the prob-
lem of information paradox in the background of three-
dimensional AdS spacetime. The question of information
loss paradox was raised in consideration of the black hole
radiation due to quantum effects [22] in 1975, following
with many years’ discussions on this question [23–26].
The AdS-CFT correspondence [27–30], which states that
there is a remarkable duality between the string theory
in AdS spacetime and the CFT on the spatially infinite
boundary of the AdS spacetime, provides an effective so-
lution to the paradox [18, 31–33]. The CFT is unitary,
so information of a black hole in AdS spacetime must be
conserved [34].
By calculating the interior volume of the BTZ black
hole in the AdS spacetime, we here touch on the infor-
mation loss parodox and provide a seemingly feasible ex-
planation to this problem besides the AdS-CFT scheme.
According to the interpretations in Refs. [9, 16, 35, 36],
there will be larger and larger interior space to store the
information, though evaporation leads to the decreasing
of the horizon area.
To see this explicitly for the BTZ black hole in the
AdS spacetime, we can specify the advanced time v by
considering the Stefan-Boltzmann law in 3-dimensional
spacetime which reads [37]
dM
dv
= −γAT 3. (39)
Here A is the surface area of the radiating body (which
is related to the entropy of the black hole Eq. (5) by
A = 4S) and γ is a positive Stefan-Boltzmann constant.
It is valid when the mass of black hole is greater than
Planck mass. Considering an evaporation process from
initial mass m to final mass mf (which is beyond the
Planck mass), one can obtain
v = −
∫ mf
m
dm′
4γST 3
∼ 1
mf
− 1
m
. (40)
Substituting it into Eq. (36), we can obtain
VΣm(r ∼
√
m
2
, v  m) ∼ m
mf
. (41)
It is evident that the interior volume of the BTZ black
hole is almost inversly proportional to the residuary mass
during the evaporation and there indeed will be more and
more internal space to store the information, though the
number of the available orthogonal states relating to the
horizon area A of the black hole, counting as eA, will de-
crease with the Hawking radiation. Thus, the Hawking
radiation can be corelated with the increasing internal
states [16], though the available states relating to the
black hole horizon decrease [38]. In this respect, the con-
sequence is consistent with those in Refs. [11, 14, 39–45],
where the entropy of the massless scalar field inside the
black hole was calculated using statistical thermodynam-
ics method.
What is more, the volume of the BTZ black hole may
contain interesting physics for the discussion on the CV
duality of the AdS black hole [19, 46–49]. From Eq. (36),
we have (we set l = 1 in the preceding text but recover
it here)
dVΣm
dv
=
pi
2
ml. (42)
In the infinite-time limit, we can view VΣm as the volume
V of the Einstein-Rosen bridge [48]. Then, according to
the CV duality, namely
C = k
V
l
, (43)
where C is the computational complexity of the instan-
taneous boundary CFT state and k is the proportional
constant, which means the volume of a certain maximal
spacelike slice extending into the interior of the black hole
is related to the computational complexity of the bound-
ary CFT state by a proportion relationship [50], we have
dC
dv
= 2m (44)
if we set k = 4/pi. Remarkably, the relation (44) reflect-
ing the growth of the complexity based on the CV duality
is consistent to the result based on the complexity-action
duality for all uncharged nonrotating AdS black holes in
any spacetime dimensions [47, 50–54].
5The three-dimensional AdS BTZ spacetime can be em-
bedded into a four-dimensional flat space with the metric
ds2 = −dT 2 − dU2 + dX2 + dY 2. (45)
The equation
−T 2 − U2 +X2 + Y 2 = −l2 (46)
describing a hypersurface with constant negative curva-
ture is a solution to the Einstein equation
Rab − 1
2
gab(R− 2Λ) = piTab, (47)
with Λ < 0 and Tab = 0. As long as we choose the local
coordinates [55]
T =
√
r2
m
− l2 sinh
√
m
l
t, (48)
U =
r√
m
cosh(
√
mφ), (49)
X =
√
r2
m
− l2 cosh
√
m
l
t, (50)
Y =
r√
m
sinh(
√
mφ), (51)
we can obtain the metric (2). However, one should no-
tice that the global topology between BTZ solution and
AdS space is different, as we have to view φ and φ+ 2pi
identically [55]. Our calculation of the interior volume
of the BTZ black hole and discussions about the result
thus are to some extent qualitatively different from the
research of general AdS black holes. This, in turn, partly
makes sense of our investigations in this paper.
IV. CONCLUSION
The interior of the black hole is dynamical and time-
dependent. In this paper, we followed the definition of
the black hole’s interior volume proposed in Ref. [9] and
extended it to the volume of the three-dimensional BTZ
black hole. The volume functional Eq. (15) was obtained
before the extremization of it. The interior volume as the
maximum value of the volume functional was calculated
numerically and analytically. We obtained the maximal
volume surface and showed it in Fig. 1. Then we chose a
constant radius hypersurface to deduce the asymptotic
expression for the interior volume after we discovered
that the main contribution to the volume comes from
a region near a certain value of the coordinate r. Finally,
as shown in Eq. (36), we found that the interior volume
of a BTZ black hole is proportional to its mass m and
asymptotic time v. Our result may give inspirations to
the volume calculation of rotating black hole, the infor-
mation loss paradox, as well as the CV duality of the
AdS black hole.
ACKNOWLEDGEMENTS
This work is supported by the National Natural Sci-
ence Foundation of China (Grant No. 11235003). I would
like to thank Xin-Yang Wang for helpful discussions.
[1] M. K. Parikh, Phys. Rev.D73, 124021 (2006), arXiv:hep-
th/0508108 [hep-th].
[2] D. Kastor, S. Ray, and J. Traschen, Class. Quant. Grav.
26, 195011 (2009), arXiv:0904.2765 [hep-th].
[3] M. Cvetic, G. W. Gibbons, D. Kubiznak, and C. N.
Pope, Phys. Rev. D84, 024037 (2011), arXiv:1012.2888
[hep-th].
[4] D. Kubiznak and R. B. Mann, JHEP 07, 033 (2012),
arXiv:1205.0559 [hep-th].
[5] S. Gunasekaran, R. B. Mann, and D. Kubiznak, JHEP
11, 110 (2012), arXiv:1208.6251 [hep-th].
[6] S. A. Hayward, Class. Quant. Grav. 15, 3147 (1998),
arXiv:gr-qc/9710089 [gr-qc].
[7] W. Ballik and K. Lake, (2010), arXiv:1005.1116 [gr-qc].
[8] W. Ballik and K. Lake, Phys. Rev. D88, 104038 (2013),
arXiv:1310.1935 [gr-qc].
[9] M. Christodoulou and C. Rovelli, Phys. Rev. D91,
064046 (2015), arXiv:1411.2854 [gr-qc].
[10] N. Bhaumik and B. R. Majhi, Int. J. Mod. Phys. A33,
1850011 (2018), arXiv:1607.03704 [gr-qc].
[11] S. Ali, X.-Y. Wang, and W.-B. Liu, Int. J. Mod. Phys.
A33, 1850159 (2018).
[12] I. Bengtsson and E. Jakobsson, Mod. Phys. Lett. A30,
1550103 (2015), arXiv:1502.01907 [gr-qc].
[13] X.-Y. Wang and W.-B. Liu, Phys. Lett. B788, 464
(2019).
[14] B. Zhang, Phys. Rev. D92, 081501 (2015),
arXiv:1510.02182 [gr-qc].
[15] B. Zhang, Phys. Lett. B773, 644 (2017),
arXiv:1709.07275 [gr-qc].
[16] C. Rovelli, (2017), arXiv:1710.00218 [gr-qc].
[17] Y. C. Ong, JCAP 1504, 003 (2015), arXiv:1503.01092
[gr-qc].
[18] D. A. Lowe and L. Thorlacius, Phys. Rev. D60, 104012
(1999), arXiv:hep-th/9903237 [hep-th].
[19] L. Susskind, Fortschritte der Physik 64, 24 (2016).
[20] M. Banados, C. Teitelboim, and J. Zanelli, Phys. Rev.
Lett. 69, 1849 (1992), arXiv:hep-th/9204099 [hep-th].
[21] E. Poisson, “A relativist’s toolkit,” (2004).
[22] S. W. Hawking, Euclidean quantum gravity, Commun.
Math. Phys. 43, 199 (1975).
6[23] L. Susskind, L. Thorlacius, and J. Uglum, Phys. Rev.
D48, 3743 (1993), arXiv:hep-th/9306069 [hep-th].
[24] A. Almheiri, D. Marolf, J. Polchinski, and J. Sully, JHEP
02, 062 (2013), arXiv:1207.3123 [hep-th].
[25] A. Almheiri, D. Marolf, J. Polchinski, D. Stanford, and
J. Sully, JHEP 09, 018 (2013), arXiv:1304.6483 [hep-th].
[26] H.-P. Yan and W.-B. Liu, Phys. Lett. B759, 293 (2016).
[27] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).
[28] J. Maldacena, International journal of theoretical physics
38, 1113 (1999).
[29] E. Witten, S. Gubser, I. R. Klebanov, and A. M.
Polyakov, Adv. Theor. Math. Phys 2, 253 (1998).
[30] S. Gubser, Phys. Lett. B 428, 105 (1998).
[31] S. L. Braunstein, S. Pirandola, and K. ?yczkowski, Phys.
Rev. Lett. 110, 101301 (2013), arXiv:0907.1190 [quant-
ph].
[32] S. B. Giddings, Phys. Rev. D85, 124063 (2012),
arXiv:1201.1037 [hep-th].
[33] Y. Nomura, J. Varela, and S. J. Weinberg, Phys. Rev.
D87, 084050 (2013), arXiv:1210.6348 [hep-th].
[34] S. W. Hawking, Phys. Rev. D72, 084013 (2005),
arXiv:hep-th/0507171 [hep-th].
[35] Y. C. Ong, Gen. Rel. Grav. 47, 88 (2015),
arXiv:1503.08245 [gr-qc].
[36] M. Christodoulou and T. De Lorenzo, Phys. Rev. D94,
104002 (2016), arXiv:1604.07222 [gr-qc].
[37] P. T. Landsberg and A. De Vos, Journal of Physics A:
Mathematical and General 22, 1073 (1989).
[38] D. N. Page, Phys. Rev. Lett. 71, 3743 (1993), arXiv:hep-
th/9306083 [hep-th].
[39] P. Choudhury and R. Biswas, (2017), arXiv:1711.03837
[physics.gen-ph].
[40] B. R. Majhi and S. Samanta, Phys. Lett. B770, 314
(2017), arXiv:1703.00142 [gr-qc].
[41] X.-Y. Wang, J. Jiang, and W.-B. Liu, (2018),
arXiv:1803.09649 [gr-qc].
[42] J.-Z. Yang and W.-B. Liu, Phys. Lett. B782, 372 (2018).
[43] S. Dutta, R. Biswas, and P. Choudhury, EPL 123, 20010
(2018).
[44] S.-Z. Han, J.-Z. Yang, X.-Y. Wang, and W.-B. Liu,
International Journal of Theoretical Physics (2018),
10.1007/s10773-018-3856-6.
[45] X.-Y. Wang, S.-Z. Han, and W.-B. Liu, Phys. Lett.
B787, 64 (2018).
[46] D. Stanford and L. Susskind, Phys. Rev. D90, 126007
(2014), arXiv:1406.2678 [hep-th].
[47] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle,
and Y. Zhao, Phys. Rev. D93, 086006 (2016),
arXiv:1512.04993 [hep-th].
[48] S.-J. Wang, X.-X. Guo, and T. Wang, Phys. Rev. D97,
024039 (2018), arXiv:1702.05246 [gr-qc].
[49] M. M. Qaemmaqami, Phys. Rev. D97, 026006 (2018),
arXiv:1709.05894 [hep-th].
[50] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle,
and Y. Zhao, Phys. Rev. Lett. 116, 191301 (2016),
arXiv:1509.07876 [hep-th].
[51] R.-G. Cai, M. Sasaki, and S.-J. Wang, Phys. Rev. D95,
124002 (2017), arXiv:1702.06766 [gr-qc].
[52] J. Jiang, Phys. Rev. D98, 086018 (2018),
arXiv:1810.00758 [hep-th].
[53] Z.-Y. Fan and M. Guo, JHEP 08, 031 (2018),
arXiv:1805.03796 [hep-th].
[54] K. Goto, H. Marrochio, R. C. Myers, L. Queimada, and
B. Yoshida, (2018), arXiv:1901.00014 [hep-th].
[55] T. Padmanabhan, Gravitation: foundations and frontiers
(Cambridge University Press, 2010).
